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In a previous paper, we showed that the traditional form of the charged C-metric can be 
transformed, by a change of coordinates, into one with an explicitly factorizable structure 
function. This new form of the C-metric has the advantage that its properties become much 
simpler to analyze. In this paper, we propose an analogous new form for the rotating charged 
C-metric, with structure function = (1 — £ 2 )(1 + r + A£)(l + r_A£), where r± are the 
usual locations of the horizons in the Kerr-Newman black hole. Unlike the non-rotating 
case, this new form is not related to the traditional one by a coordinate transformation. We 
show that the physical distinction between these two forms of the rotating C-metric lies in 
the nature of the conical singularities causing the black holes to accelerate apart: the new 
form is free of torsion singularities and therefore does not contain any closed timelike curves. 
We claim that this new form should be considered the natural generalization of the C-metric 
with rotation. 
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1. Introduction 

The charged C-metric describes a pair of Reissner-Nordstrom black holes uniformly 
accelerating away from each other under the action of conical singularities in the spacetime. 
Its line element has traditionally been written in the form pQ: 



ds 5 



A 2 (x — y) 2 



G(y) dt 2 



dy2 + ^ 



G(y) G(x) 



with the structure function 



G(x) d(j) 2 



g(o = i-e- z™m a - q 2 A 2 e 



(2) 



where m, q and A are parameters related to the mass, charge and acceleration of the black 
holes, respectively. However, in a recent paper [2. , we advocated a new form of the charged 
C-metric, given by (JIJ but with the explicitly factorizable structure function 



G(0 = (l-e 2 )(l+MO(l + r_AO 



(3) 



where r± = m ± \/m 2 — q 2 are the usual locations of the horizons of the Reissner-Nordstrom 
black hole. This new form is related to the previous one by a simple change of coordinates, 
but it has the obvious advantage that the roots of are now straightforward to write 
down, compared with those of (J2J. As was demonstrated in [2], this leads to potentially 
drastic simplifications when analyzing the properties of the charged C-metric, since many 
results depend explicitly on these roots. 

In this paper, we explore the extension of this idea to the rotating (charged) C-metric, 
which describes a pair of Kerr-Newman black holes uniformly accelerating away from each 
other, again under the action of conical singularities in the spacetime. In its traditional 
form, the line element of this spacetime is given by [Sj 

G (V) „^ 2J A 2 l + (aAxy) 2 
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1 + (aAxy) 2 
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with the structure function 



G(0 = 1 - e - 2mAe - (a 2 + q 2 )A 2 i A 



(5) 
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where a is a parameter related to the the black holes' angular momentum (per unit mass). 
As in (J2J), the roots of this quartic polynomial will in general be very complicated to write 
out explicitly. It is therefore worth asking if the structure function of this metric can be 
written in an explicitly factorizable form. Indeed, we shall show that it is possible to write 
it in the form (jSJ), but with r± now given by 



which are the usual locations of the horizons of the Kerr-Newman black hole. 

There is, however, one crucial difference with the non-rotating case. It turns out that the 
new form of the rotating C-metric is physically distinct from the one in the traditional form, 
and so they cannot be related by a coordinate transformation. As we shall demonstrate, 
the two spacetimes differ in the nature of the conical singularities accelerating the two black 
holes apart. There are in general torsion singularities |H E] associated with the conical 
singularities in the traditional form of the rotating C-metric (fl|). (JSJ), while these torsion 
singularities are absent in the new form. 

Recall that torsion singularities arise when conical singularities possess a non-zero an- 
gular velocity. It is also possible to show that there are necessarily closed timelike curves 
(CTCs) in the neighbourhood of a torsion singularity [6]. This is pathological and thus phys- 
ically undesirable. Therefore, we argue that our new form of the rotating C-metric is the 
correct generalization of the C-metric with rotation, as it does not suffer from the presence 
of CTCs as in the traditional form (gj), ©• 

The organization of this paper is as follows: In Sec. 2, we will review how the traditional 
form of the rotating C-metric can be obtained from the general solution of Plebanski and 
Demianski [7j. At the same time, we will show how a different choice of parameters in this 
general solution leads to the new form of the rotating C-metric. Some properties of the latter 
are then discussed in Sec. 3; in particular, we uncover the physical distinction between the 
traditional and new forms of the rotating C-metric. The paper ends with a brief discussion 
of how these results can be extended to include a background electric field or cosmological 
constant. 

2. Derivation 

In 1976, a very general class of dyonic solutions to Einstein-Maxwell theory (including a 
cosmological constant) was found by Plebanski and Demianski [7j. Setting the cosmological 
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constant and magnetic charge to zero, the line element and electromagnetic potential of their 
solution are given by 



ds 5 
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1 + (xy) 2 
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(7) 



A 



qy (dt — x 2 d(f>) 
1 + (xy) 2 



where 



G(0 = 7 + 2< - ei 2 + 2mf J - (7 + g 2 )£ 4 . 



(9) 



This solution contains five arbitrary parameters: 7, e, m, n and q. The first two parameters 
are non-trivially related to the acceleration and angular momentum of the solution, while the 
latter three parameters are respectively related to its mass, 'NUT' parameter and electric 
charge. These identifications were made by considering how some known solutions, such as 
the Kerr-Newman-NUT solution and the C-metric, can be recovered as special cases of this 
solution [7] (see also 

To obtain the rotating C-metric, we rescale the coordinates and parameters as follows 
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Then the solution (JTJ)-© becomes 
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where 



G(0 = 7 + 2nA£ - - 2mA£ 3 - (7a 2 + q 2 )A 2 ^ 



(11) 
(12) 

(13) 



By calculating the curvature invariants of this spacetime [Hj, we see that 7 and e do not 
appear in them and are therefore kinematical parameters jjj- On the other hand, these 
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curvature invariants do depend on the so-called dynamical parameters m, n, q, a and A, 
with the latter two parameters determining the angular momentum and acceleration of the 
solution, respectively. If we choose 7 = e = 1 and set the 'NUT' parameter n to zero, we 
recover the traditional form of the rotating C- metric (jSJ). 

Since 7 and e are kinematical parameters, we are actually free to choose their values 
without affecting the physics of the solution. Hence, we shall adopt the new choice 7 = 1, 
e = 1 — (a 2 + q 2 )A 2 , so that the structure function (fTHjl becomes 



If we further set the value of the 'NUT' parameter to be n = m, we see that it is possible to 
cast the structure function ()14|) in the explicitly factorizable form: 



where r± are the usual locations of the horizons in the Kerr-Newman black hole, given by 
(jnj). The solution (J12)) . with the structure function (J15)) . is therefore the new form 

of the rotating C-metric that we advocate; it clearly reduces to the factorized form of the 
charged C-metric in |2] when the rotation parameter a is set to zero. 

Because the traditional and new forms of the rotating C-metric differ in the choice of 
the dynamical parameter n, they are physically distinct spacetimes and so cannot be related 
by a change of coordinates. This is in contrast to the non-rotating case when a = 0. In 
this limit, n becomes a kinematical parameter, and its choice no longer affects the physics of 
the spacetime. As described in 0, it is indeed possible to find a coordinate transformation 
relating the traditional and new forms of the non-rotating charged C-metric. 

We will uncover the physical meaning of the parameter n in the next section. However, 
it is important to emphasize at this stage, that n does not have an interpretation in terms 
of a NUT parameter. Recall that this identification was made in |H] on the basis of how 
certain solutions with NUT parameter can be obtained as limiting cases of ((Zj)-®. It turns 
out that n has a rather different physical interpretation in the general solution, before any 
limit is taken. 



G(0 = 1 + 2nA£ - 1 - (a 2 + q 2 )A 2 £ 2 - 2mA£ 3 - (a 2 + q 2 )A 2 £ 4 . 



(14) 




(15) 



3. Properties 

We now analyze some properties of the rotating C-metric in the new form ([lip. (|T2|) and 
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(JTSj). Aspects of the rotating C- metric have previously been studied in [TUl HH H2 EE EH E] • 

Let us assume, as in the non-rotating case [2] , that the parameters of the solution satisfy 

0<r-A<r+A<l. (16) 
If we denote the four real roots of the structure function (|15p by 

6 = — V 6 = — K, 6 = -i, ^4 = 1, (17) 

r_A r + A 

then they obey £1 < £2 < £3 < £4- In order to have the correct spacetime signature, the x and 
y coordinates must take the ranges £3 < x < £4 and £2 < V < £3, respectively Asymptotic 
infinity is located at x — y — £3. The black- hole event horizon is located at y — £2, while the 
acceleration horizon is at y = £3. The line x = £4 is the part of the symmetry axis between 
the event and acceleration horizons, while x = £3 is that part of the symmetry axis joining 
up the event horizon with asymptotic infinity. 

As in the non-rotating C-metric, there are in general conical singularities along x = £3 
and £4. If we take the angle <fi to have period A0, then the deficit angle along x = £j is 

St = 2tt - a t A0 , (18) 

where 

a 3 = l- 2mA + (a 2 + q 2 )A 2 , a 4 = 1 + 2mA + (a 2 + q 2 )A 2 . (19) 

These expressions are considerably simpler than the corresponding ones in the traditional 
form of the rotating C-metric when G(£) is given by (JSJ). However, the physics of these 
conical singularities remains unchanged. Note that both conical singularities cannot be 
made to vanish at the same time. If we choose to remove the conical deficit along x = £4 
with the choice A0 = 271-/0:4, then there is a positive deficit angle along x = £3. This can be 
interpreted as a semi-infinite cosmic string pulling on the black hole. Alternatively, we can 
choose to remove the conical deficit along x = £3 with the choice A0 = 271-/0:3, resulting in a 
negative deficit angle along x = £4. This can be interpreted as a strut pushing on the black 
hole. The strut continues past the acceleration horizon, and joins up with a 'mirror' black 
hole on the other side of it. 

The crucial difference with the non-rotating case lies in the fact that these conical 
singularities will in general have torsion singularities associated with them. These arise when 
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the conical singularities possess a non-zero angular velocity, signified by a non-vanishing 
uj = gttf>/gtt along the symmetry axis jUH]. Let us write the line element of the spacetime in 
Weyl-Papapetrou form: 



ds 2 = -e 2X (dt + ud<P) 2 + e" 2 V d(j> 2 + e 2 ^~ x \dp 2 + dz 2 ) , (20) 

and go near the symmetry axis by taking p to be small. If u is non-zero along the symmetry 
axis, then will become a timelike coordinate sufficiently close to the axis. Since is 
periodically identified, this will lead to the presence of CTCs jSj. The only situation in 
which these CTCs can be eliminated is when u takes the same constant value along the entire 
symmetry axis. In this case, it is possible to perform a global transformation t — > t — uj\ p=Q <j) 
[I] to give a new spacetime free of torsion singularities and its associated CTCs. 

Let us first calculate u along the symmetry axis in the traditional form of the rotating 
C- metric (J?J) , (JSJ) . It can be shown that the values of & along the two parts of the symmetry 
axis x = £3 and x = £4 are generally given by 

ut = -aAg. (21) 

This is true for whichever form (jHJ), (|14jl or p5jl . of the structure function we use, provided 
we denote £ 3 and £ 4 to be its two largest roots. In the case of (j3J), we have |£ 3 | 7^ |£ 4 | 
and so the torsion singularities along both parts of the axis cannot be eliminated at the 
same time. We could choose to eliminate the torsion singularity along x = £4 using the 
transformation t — > t — u^cj). This would give a semi-infinite rotating cosmic string along 
x = £3. Alternatively, we could eliminate the torsion singularity along x = £3 using the 
transformation t — > t — uj^cf). This would result in a rotating strut along x = £4. In either 
case, there would be CTCs near some part of the symmetry axis. 

On the other hand, we have |^| = |^| for the factorizable structure function (JT5|l [c.f. 
()17j)] and hence the values of uj are the same along x = £3 and £4. The torsion singularities 
along both parts of the symmetry axis can then be eliminated at the same time. Performing 
the transformation t — > t + aA<f), the solution (JHJ, (|12j) becomes 



ds' 



1 / G (v) , ah 2^ J 2 l + (aAxy) 



A 2 (x — y) 2 [ 1 + (aAxy) 2 L v ' r J G(y) 



2 



dt + aA(l - x 2 ) d(f) y ' dy 



2 



1 + (aAxy) 2 2 G(x) 



H hr, ; dx + 



a 2 A 2 y 2 ) d(f) + aAy 2 dt} 2 \ , (22) 



G{x) ~ 1 + (aAxy) 2 
_ qy [dt + aA(l - x 2 ) #] 
• A ~ 1 + (aAxy) 2 ' 1 ' 



with G(£) still given by ([15)1 . This is therefore the main difference between the traditional 
and new forms of the rotating C-metric: the latter is free of torsion singularities (after the 
above transformation) and hence is not plagued by the presence of CTCs near the symmetry 
axis. For this reason, we propose that (J22j) . (J23j) and (JT5|l should be the correct and natural 
generalization of the C-metric with rotation. 

It is instructive to see what happens if we consider the solution with the structure 
function (fT4*|) instead. This could be regarded as a one-parameter generalization of our new 
form of the rotating C-metric, and the presence of the linear term depending on n in G(£) 
will modify the expressions for the roots (|17j) . In general, we will have |^| 7^ |^| as in the 
traditional form of the rotating C-metric, thus implying that this solution cannot be free of 
torsion singularities. It follows that the parameter n determines the rate at which the conical 
singularities are rotating. This interpretation is consistent with the observation made above 
that n loses its physical significance when a = 0; indeed, in the static limit we do not expect 
the conical singularities to be rotating at all. 

The zero-acceleration limit can be taken by performing the coordinate transformation: 

t = At', x = cos6, y = -—, (24) 

and setting A — > 0. In this limit, the solution (|2~2j) . (|2l5]) and (|T5|) reduces to 

^ 2 r 2 — 2mr + q 2 + a 2 cos 2 6 / ^ 2mr — q 2 ' 2 Q 2 

r 2 + a? cos 2 6 \ r 2 — 2mr + q 2 + a 2 cos 2 9 J 



(r 2 + a 2 cos 2 6) (r 2 — 2mr + a 2 + q 2 ) 2 2 

+ 2 o ,2,2 Th sm 6d( f ) 

r z — 2mr + q z + cr cos" 1 a 



+ (r 2 + a 2 cos 2 1 



r 2 — 2mr + a 2 + q 2 

2 



(25) 



gr(dt' + asin ^d0) 

-4 = 2^ — 2 ~a ' ( 26 ) 

r z + a z cos^ a 

which is the usual Kerr-Newman solution describing a single rotating charged black hole. In 
fact, we would have obtained the same limit even if we had used the generalized structure 
function (|T4j) instead. This is due to the fact that the conical, as well as torsion, singularities 
disappear in the limit of zero acceleration. 

We end off this section with a few other miscellaneous observations of how the properties 
of the rotating C-metric will simplify when the factorized structure function (JT5j) is used. 
For example, the 'angular velocity' of the black-hole event horizon turns out to be 

< 27 » 



which is far simpler than the corresponding expression in the traditional form of the rotating 
C-metric pj. Up to an overall factor 1/A, this is, in fact, identical to the angular velocity of 
the event horizon of the Kerr-Newman black hole. Similarly, one can calculate the area of 
the event horizon to be 

ri + a 2 , . 

A H = An ^-^ 2 . (28) 

It clearly reduces to that of the Kerr-Newman black hole when A = 0. 

Another notable advantage would be the simplification one would get when casting 
the rotating C-metric in the Weyl-Papapetrou form (|20|). following jTSlEj. Recall that the 
rod structure of this solution consists of a rod of finite length representing the black-hole 
event horizon, together with a semi-infinite rod representing the acceleration horizon. As 
in the static counterpart j2], the new form of the rotating C-metric leads to a more elegant 
description of the rod structure, in the sense that the positions of the rod ends are given 
by very simple and natural expressions. It is, in fact, possible to extend the results of j2] 
directly to this case, except that we have to replace the parameter q 2 by a 2 + q 2 everywhere. 
In particular, the finite rod representing the event horizon has length 2^m 2 — a 2 — q 2 /A. 
Up to a scale factor 1/A, this is the same as the length of the corresponding rod in the 
Kerr-Newman solution. 



4. Discussion 

In this paper, we have proposed a new form of the rotating C-metric (}2*2*j) . (|2~3|l . with 
an explicitly factorizable structure function (|15p. generalizing the form of the non-rotating 
C-metric in (2j . This solution is physically distinct from the traditional form of the rotating 
C-metric, in that the strut and/or cosmic string causing the black holes to accelerate apart 
do not contain any torsion singularities and is hence free of CTCs. Because of the latter fact, 
we claim that this new form should be considered the natural generalization of the C-metric 
with rotation. 

Moreover, the fact that the structure function is factorizable means that its roots are 
now straightforward to write down, and this leads to simplifications in the analysis of the 
rotating C-metric. For example, simple expressions are found for the angular velocity and 
area of the black-hole event horizon. This new form of the solution also gives a natural 
description of the rod structure when it is cast in Weyl-Papapetrou form. 

There are a few possible generalizations of this new form of the rotating C-metric. One 
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is to consider embedding this solution in a background electric field, which would give a 
rotating version of the Ernst solution ^3] . Recall that the latter can be made free of conical 
singularities by choosing an appropriate strength of the background electric field. In this 
case, it describes a pair of Reissner-Nordstrom black holes accelerating apart purely under 
the influence of the background field. A natural question at this stage would be whether 
a background electric field can be introduced into the solution (J22), and (|T5|). to give 
a spacetime free of conical singularities. Such a solution could be used to calculate the 
pair-production rate of Kerr-Newman black holes by a background electric field, following 

Q2J EES H3HBI. 

We have managed to obtain this generalized solution following the procedure described 
in [T§1 |2*U] . Unfortunately, it is given by exceedingly complicated expressions and so will not 
be reproduced here. It is possible to show that this solution continues to be free of torsion 
singularities along the symmetry axes. For specific values of the parameters of the solution, 
we have checked that it is indeed possible to remove the remaining conical singularities with 
an appropriate choice of the background electric field strength. 

Recall that the original solution of Plebanski and Demianski [7] also contains a cos- 
mological constant A. It is therefore easy to embed the rotating C-metric solution in a de 
Sitter or anti-de Sitter background. A form of this solution which extends the factorizable 
structure of and (|TT) |l is 



ds 



2 



1 I F (y) \a+ , An 2\ j J 2 I + (aAxy) 



2 



dt + aA(l -x 2 )d<fi K ' dy 



2 



A 2 (x - y) 2 { 1 + (aAxy) 2 1 J F(y) 

~(l + a 2 A 2 y 2 ) d<p + aAy 2 dt] 2 i , (29) 



1 + (aAxy) 2 ^ 2 G{x) 



G(x) 1 + (aAxy)' 

_ qy [dt + aA{l - x 2 ) djj 
A ~ 1 + (aAxy) 2 ' [M) 

where the structure functions are 

G(x) = (1 - x 2 )(l + r+Ax){l + r-Ax) , (31) 
F(y) = G(y) + ^- 2 (l + a 2 AY). (32) 

Here, the parameters r± are defined by 



r ± = m± sjm 2 - q 2 - a 2 {l + , (33) 

although it is important to note that they are no longer the locations of the horizons of 
the Kerr-Newman-dS/ AdS black hole, as in the case of zero cosmological constant. In the 
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non-rotating limit, this solution is equivalent to the dS/AdS C-metric solutions in |21[ 1221 
1231^123, up to a coordinate transformation of the form described in [2]. 

It can be checked that the general solution is free of torsion singularities along 

the symmetry axes x = ±1, and should therefore be considered the natural generalization of 
the rotating C-metric with a cosmological constant. It would be interesting to compare the 
properties of this solution to the rotating dS C-metric solution presented in j2H|, and also 
study the pair production of rotating black holes in the dS/AdS background (2H I2H1 123 EB] • 
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